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Abstract
We find confluent Heun solutions to the radial equations of two Halilsoy-Badawi metrics. For the first metric,
we studied the radial part of the massless Dirac equation and for the second case, we studied the radial part of
the massless Klein-Gordon equation.
1 Introduction
Heun functions [1, 2] seem to be still a novelty among theoretical physicists although they were introduced nearly
130 years ago. After the centennial conference which took place in 1989 and the papers presented in this conference
were published in a book [2], there was an explosion of papers in this field [3]. Many equations whose exact
solutions were not known turned out to have solutions in this set. After referring to people [4, 5, 6] who tried to
show whether the exact solutions of the celebrated “Teukolsky Master Equation” [7] can be written down in terms
of the confluent forms of the Heun equation, Batic and Schmidt [8] showed that the “Teukolsky master Equation”
(and similar equations) could be transformed in any relevant type-D metric into a Heun form. Although the Heun
equation and its confluent forms are much better known today in the theoretical physics community and included
in some mathematical packages, we still find some authors who do not identify the equations they find properly.
Here we give two examples of metrics which yield confluent Heun solutions for the equations describing a test
particle whose wave equation is written in the background metric of these metrics in the linear approximation,
ignoring the backreaction and nonlinear terms in the Einstein-Maxwell equations. In the first example the massless
Dirac equation and in the second, the massless Klein-Gordon equation are studied.
2 Dirac equation
In a very interesting paper [9] Al-Badawi and Owaidat study the Dirac equation in the background of the spherically
symmetric solution of the Einstein- Maxwell equations, analogous to the Schwarzschild metric, in the presence of
spherically symmetric static electromagnetic field.
For the metric they use a solution found by one of these authors with Halilsoy [10]. Actually this metric was previ-
ously discovered by Ray and Wei[11]. Metrics, when a Schwarzschild metric is in an homogeneous electromagnetic
field were given by Halilsoy [12, 13], as stated in [14], and were included in the book by Griffiths and Podolsky
[15]. This solution is a superposition of the Schwarzschild [16] solution with an external, stationary electromagnetic
Bertotti-Robinson solution [17, 18].
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The metric is given as
ds2 =
r2 − 2Mr
r2f(r)
[
dt−Mq(1 + a2) cos θdφ]2
− r
2f(r)
r2 − 2Mrdr
2 − r2f(r) (dθ2 + sin2 θdφ2) , (1)
r2f(r) =
1
2
r (r − 2M) [p (1 + a2)+ a2 − 1]+ 2Mar +M2 [p (1 + a2)− 2a] . (2)
This is a type-D metric. M is a constant parameter which mimics the role of the source mass in Newtonian
approximations for the geodesics of test particles in the Schwarzschild metric when one considers large values of
the luminosity radius r; p is the twisting parameter of the external electromagnetic field and a is the interpolation
parameter between two metrics used. This metric is in the class named as Plebanki and Demianski solutions[19].
When the parameter a is zero one gets a metric which can be transformed into the Bertotti- Robinson solution
by setting the twisting parameter to one. As stated in [15], in general this space time is a direct product of two
two dimensional spaces of constant curvature, namely the 2-sphere and two- dimensional anti-de Sitter space-times.
When a is between zero and one, it contains a family of expanding Schwarzschild-Reissner-Nordstrom-de Sitter
metrics. Here, as in [11, 10] we take the cosmological constant equal to zero.
The authors consider only a spinor test particle, in the linear approximation, ignoring the backreaction and nonlinear
terms in the Einstein-Maxwell equations. They use the Newman-Penrose formalism [20] to separate the Dirac
equation into radial and angular (θ) parts after assuming a periodic solution for the variables t and φ which are
along Killing directions. They can solve the angular equation in terms of the associated Legendre functions. For
the radial equation, they use the WKB approximation and write their solutions in terms of exponentials.
We just considered the case in which the coupled spinor test particle has zero mass. When the test particle is
massive, we could not obtain the exact solution in terms of known functions. For the massless case, the radial
equations are of the form [9]:
dT1
dr
+ i
kR2
H2R2
T1 =
λ
RH
T2, (3)
dT2
dr
− i kR
2
H2R2
T2 =
λ
RH
T1. (4)
Here λ is the eigenvalue, R2 = r2f(r) and
H2 =
r2 − 2Mr
r2f (r)
. (5)
The exact solutions for the radial equations above turn out to be confluent Heun functions multiplied by exponentials
and powers of the finite regular singular points of the radial equation. This is no surprise, since as Philipp and Perlick
pointed out [21], Leaver[22, 5] and Fiziev [23, 24, 25] showed that the solution of a particle in the Schwarzschild
background results in confluent Heun type solutions. In this respect, it looks like the solutions of the Eguchi-Hanson
instanton [26] trivially extended to five dimensions [27]. In this case, too, the angular equation has a solution which
is in the family of hypergeometric functions, whereas the radial equation’s solution is again a confluent Heun function
[1, 2].
In the paper of Al-Badawi and Owaidat [9], we could not find the explicit expressions for the frequency ω, the
essential parameter in the WKB approximation, aside from an integral, to check the behavior of the incoming and
outgoing waves as well as the expressions for the transition and reflection coefficients are not given. The authors
end their paper by studying the plots of the effective potentials for different values of the parameters in the effective
potential.
One can show that the radial equation can indeed be solved in terms of confluent Heun functions. This solution
has regular singularities at r = 0 and r = 2M where the horizon is, and an irregular singularity at infinity. We first
study the solution for 0 < r < 2M , assuming that the given metric is also valid here. We are aware of the fact that
the metric used is only valid outside the event horizon due to the properties of the Schwarzschild metric. We do
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this calculation just to compare our solution with that given in [9] and see if it has the correct behavior around the
regular singular points of the differential equation.
We did not give the second order equation obtained from the system of first order equations given above for the
sake of brevity of the paper, since that equation is quite long. We, however, give a similar equation when we study
the region for r greater than 2M , the domain of r in which we are really interested in this paper.
We only take the first solution which is analytic around the singularity at r = 0. It reads as:
T1(r) = e
i/2((p+1)a2+p−1)rkri/2k(a
2p−2 a+p)M (2M − r)1/2+i/2k(a2p+2 a+p)M ×
HC
(
2 iM
(
(p+ 1) a2 + p− 1) k,−1/2 + ik (a2p− 2 a+ p)M,
1/2 + ik
(
a2p+ 2 a+ p
)
M, (4Mak + i)M
(
(p+ 1) a2 + p− 1) k, (6)
1/2 k2M2
(
a2 + 1
)2
p2
−1/2M (a2 + 1) (−2Ma2k + 4Mak + 2 kM + i) kp− 2 k2a3M2
−1/2Mk (−4 kM + i) a2 +M (2 kM + i)ka+ i/2kM − λ2 + 3/8, r
2M
)
,
where HC denotes the confluent Heun function. We note that although this solution is analytic around r = 0, it is
not analytic around r = 2M . This is expected, since our solution is only a local solution which is analytic only in
the neighborhood of one singularity [28]. Here the parameters are defined in [9].
These equations also have a second solution:
T12(r) = e
i/2rk((p+1)a2+p−1)r1/2−i/2k(a
2p−2 a+p)M (2M − r)1/2+i/2(a2p+2 a+p)kM × (7)
HC
(
2 iM
(
(p+ 1)a2 + p− 1) k, 1/2− ik (a2p− 2 a+ p)M,
1/2 + i
(
a2p+ 2 a+ p
)
kM,M
(
(p+ 1)a2 + p− 1) (4 kMa+ i) k,
1/2M2k2
(
a2 + 1
)2
p2
−1/2M (a2 + 1) (−2Ma2k + 4 kMa+ 2 kM + i) kp− 2 k2a3M2
−1/2M (−4 kM + i) ka2 +M (2 kM + i) ka+ i/2Mk − λ2 + 3/8, r
2M
)
.
In the following, we do not consider it, since it has a square root irregularity at r = 0, our point of expansion.
The standard form of the confluent Heun equation is given as [29, 30]
d2HC
dz2
+
(
α+
γ + 1
z − 1 +
β + 1
z
)
dHC
dz
+
(
µ
z
+
ν
z − 1
)
HC = 0, (8)
with solution HC(α, β, γ, δ, η, z), and the parameters have the relations
δ = µ+ ν − α
(
β + γ + 2
2
)
, (9)
η =
α(β + 1)
2
− µ− β + γ + βγ
2
. (10)
Since we are interested in the region r > 2M , outside the event horizon, the solution we gave above does not suit
our purposes if we want to investigate the behavior of the wave for r > 2M . To find a solution to suit our purpose,
we have to transform to the variable u = r − 2M . This will give us one solution which is analytic around r = 2M .
This solution may not be analytic around r = 0. Since we are not interested in the region 0 < r < 2M , this will
not cause any problems.
From the two first order differential equations given above, equations [3] and [4], we derive a second order equation
for F1. This equation reads
A
d2
du2
T1 (u) +B
d
du
T1 (u) + (C +D + E))T1 (u) = 0, (11)
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where
A = (u+ 2M)
2
u2, (12)
B = (M + u) (u+ 2M)u, (13)
C = [
(
(p/2 + 1/2)a2 + p/2− 1/2) (u+ 2M)2 − ((p+ 1) a2 − 2 a+ p− 1)M (u+ 2M)
+ M2
(
a2p− 2 a+ p)]2k2, (14)
D = [
(
(i/2 + i/2p)a2 + i/2p− i/2) (u+ 2M)3 − 3/2 iM ((p+ 1)a2 + p− 1) (u+ 2M)2
+ i (a− 1)M2 (a+ 1) (u+ 2M) + iM3 (a2p− 2 a+ p)]k, (15)
E = λ2 (u+ 2M)u. (16)
Here we again take the solution which is analytic around u = 0 (r = 2M), namely
T1(u) = e
−i/2uk((p+1)a2+p−1) (u+ 2M)
i/2k(a2p−2 a+p)M u−i/2(a
2p+2 a+p)kM ×
HC
(
2 iM
(
(p+ 1)a2 + p− 1) k,−1/2− i (a2p+ 2 a+ p) kM,
−1/2 + ik (a2p− 2 a+ p)M,−M ((p+ 1)a2 + p− 1) (4 kMa+ i) k, (17)
1/2M2k2
(
a2 + 1
)2
p2 + 1/2M
(
a2 + 1
) (
2Ma2k + 4 kMa− 2Mk + i) kp
+2 k2a3M2 + 1/2M (4Mk + i) ka2 +Mk (−2Mk + i) a− i/2Mk− λ2 + 3/8,− u
2M
)
.
The second solution is given below:
T12(u) = e
−i/2uk((p+1)a2+p−1) (u+ 2M)
i/2k(a2p−2 a+p)M u1/2+i/2(a
2p+2 a+p)kM × (18)
HC
(
2 iM
(
(p+ 1)a2 + p− 1) k, 1/2 + i (a2p+ 2 a+ p) kM,
−1/2 + ik (a2p− 2 a+ p)M,−M ((p+ 1) a2 + p− 1) (4 kMa+ i) k,
1/2M2k2
(
a2 + 1
)2
p2 + 1/2M
(
a2 + 1
) (
2Ma2k + 4 kMa− 2 kM + i) kp
+2 k2a3M2 + 1/2M (4 kM + i)ka2 + kM (−2 kM + i) a− i/2Mk − λ2 + 3/8,− u
2M
)
.
We discard it since it has a second root non analyticity at u = 0, our point of expansion.
Using p = 10, k = 0.2, a = 0.1, λ = 0.7 and M = 5, we give the plots of the first solution for 0 < r < 2M and u > 0
in Figure 1 and Figure 2, respectively.
Figure 1: Solution between 0 < r < 2M
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Figure 2: Solution for u > 0
Polynomial solutions can be given for the confluent Heun equation under some conditions [30, 31]. The identity
µ+ν = −Nα, N being the degree of the polynomial solution, should be satisfied along with a vanishing determinant.
However, this identity is not useful in this case as µ+ ν = 0.
Solution around infinity
Solution of the confluent Heun equation around the irregular singularity at infinity can be given by the Thome´
solution as [32]
lim
z→∞
U(z) ∼ e±iωzz∓iη−(B2/2). (19)
Note that this is just the first term in a nonconverging series, which must be considered as just an asymptotic one.
The confluent Heun equation is written in the form
z(z − 1)d
2U
dz2
+ (B1 +B2z)
dU
dz
+
[
B3 − 2ηω(z − 1) + ω2z(z − 1)
]
U = 0, (20)
for ω 6= 0 and all other parameters are constants. This form is called the generalized spheroidal wave equation and
finding the correspondence with the general form given by the equation (8) needs some algebra as the solutions are
not in the same form (i.e. we need to define V (z) = eiωzU(z) first and then proceed with the solution). Studying
the solution for our case, we find the first term in this asymptotic series as
lim
u→∞
T1(u) ∼ e(2i[(p+1)a
2+p−1])Mku, (21)
as the solution around infinity. There is a second solution which behaves as u4ikMa−1, i.e. it vanishes as u goes to
infinity.
As to the physical interpretation of our solutions, we can get information only by plotting our solutions, since the
general behavior of Heun functions is not generally known explicitly. We see the approach to singularity at r = 2M
when we plot our function for the range 0 < r < 2M . When we expand around one of the regular singular points,
we expect such a behaviour around the second singular point.
To our surprise, the regular solution resembles a plane wave for u > 0 (Figure 2) with almost constant frequency
and constant amplitude. This was a surprise, since this is the behaviour only in the asymptotic region for the
quasi-classical solution in reference [9]. The irregular solution, besides being non analytic at u = 0, goes to zero,
oscillating with vanishing amplitude. This behaviour is reflected in the behaviour of the second solution (asymptotic
solution) which behaves as a reciprocal power of u.
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3 Klein-Gordon equation
In another recent paper by Al-Badawi, the Dirac equation is studied in a Schwarzschild black hole immersed in
an electromagnetic universe with charge coupling [14]. Here the electromagnetic radiation is not attributed to the
parameter M. This solution again interpolates the Schwarzschild [16] and Bertotti-Robinson [17, 18] solutions [14].
The metric is
ds2 =
∆
r2
dt2 − r
2
∆
dr2 − r2 (dθ2 + sin2 θdφ2) , (22)
where ∆ = r2 − 2Mr +M2 (1− a2) [33, 34] . Here, M is the parameter used in the Schwarzschild solution and a
(0 < a ≤ 1) is the external parameter. This metric has two horizons, the outer horizon at r1 = M(1 + a) and the
inner horizon at r2 =M(1− a). The external electromagnetic field shrinks at the outer horizon and expands at the
inner horizon [33]. Note that the a = 0 case can be transformed into the Bertotti-Robinson solution [34].
We study the massless Klein-Gordon equation in the background of this metric, since we can not identify the
solution for the massive case.
1√−g∂µ
(√−ggµν∂νΦ) = 0, (23)
in this background, namely,
Φ sin2 θr4ω2 +∆2 sin2 θ
∂2Φ
∂r2
+∆
(
∂Φ
∂r
)
sin2 θ
d∆
dr
−∆n2Φ +∆
(
∂Φ
∂θ
)
sin θ cos θ +∆sin2 θ
∂2Φ
∂θ2
= 0. (24)
This equation can be separated into the radial and angular parts with the Ansatz
Φ = e−iωteinφF (r)S(θ). (25)
After defining the separation constant λ, the radial and angular parts are obtained as
d2F (r)
dr2
− F (r) λ
∆
+
F (r) r4ω2 +∆
(
dF(r)
dr
)
d∆
dr
∆2
= 0, (26)
d2S (θ)
dθ2
+ S (θ) λ +
(
dS(θ)
dθ
)
sin θ cos θ − S (θ)n2
sin2 θ
= 0. (27)
The angular part is in the form of the associated Legendre equation and the radial part can be solved in terms of
confluent Heun functions. We change our parameter r to u = r − r1, r1 being the outer event horizon in order to
study the behavior outside the event horizons. We note that the event horizon is located at r1 =M(1+ a) and the
inner horizon is located at r2 =M(1− a). The radial solution is
F (u) = e−iωuu
ir1
2
ω
r1−r2 (u+ r1 − r2)
ir2
2
ω
r1−r2 × (28)
HC
(
2 iω (r1 − r2) , 2 ir1
2ω
r1 − r2 ,
2 ir2
2ω
r1 − r2 ,
(−2 r12 + 2 r22)ω2,
2 r1
4ω2 − 4 r13ω2r2 − λr12 + 2 r1 r2 λ − λr22
(r1 − r2)2
,− u
r1 − r2
)
,
and the second solution, namely
F2(u) = e
−iωuu
−ir1
2
ω
r1−r2 (u+ r1 − r2)
ir2
2
ω
r1−r2 × (29)
HC
(
2 iω (r1 − r2) , −2 ir1
2ω
r1 − r2 ,
2 ir2
2ω
r1 − r2 ,
(−2 r12 + 2 r22)ω2,
2 r1
4ω2 − 4 r13r2 ω2 − r12λ + 2 r1 r2 λ − r22λ
(r1 − r2)2
,− u
r1 − r2
)
These solutions may be interpreted as two waves with different phases, but both moving in the same direction
asymptotically, since for large values of u, ln(u) is much smaller than u.
We just wanted to state that this test particle in this metric, too, has a Heun family solution. We will study other
properties of this solution in further papers.
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4 Conclusion
Here we studied two different metrics given by [10] and [33]. In the first case we studied the Dirac equation given
in [9] and found that the radial solution can be expressed in terms of confluent Heun functions. We found the same
structure in the second metric case [14, 33] for the Klein-Gordon equation.
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